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0. Introduction 



Let 77-1,^2 be two positive integers, let G = U{ni + ^2) be "the" unramified unitary 
group in ni + n2 variables over a non archimedean local field F and let H be the elliptic 
endoscopic group U{ni) x U{n2) for G. Let K he a. hyperspecial compact open subgroup 
of G{F) and let be a hyperspecial compact open subgroup of H{F). Then, for any 
^ ■ regular semisimple element 7 G G{F) which comes from an elliptic semisimple element 
S in H{F) Langlands and Shelstad ([La-Sh]) have defined the K-orbital integral 0'^{1k), 
^ ■ the stable orbital integral SO^ {Ixh) and the transfer factor A(7, 5) and they have 
P> '• conjectured that 

O' (*) S0f{lj,H) = A{6,-f)0^{lK] 

(D 

^1 This relation is called the fundamental lemma for the pair [G, H) . It has been proved by 
f^' Labesse and Langlands in the particular case rii = ^2 = 1 ([La-La]) and by Kottwitz in 
■ the particular case ni = 1 and 77-2 = 2 ([Ko]). 

• 1— I ! In this paper we restrict ourselves to the case where F is of equal characteristic p > 

^ I and we consider the relation (*) from a geometric point of view. The restriction to the 
' equal characteristic case is more or less equivalent to considering the unequal charac- 
teristic case under the hypothesis that the residual characteristic is "large enough with 
respect to the element S" . In the equal characteristic case the geometric interpretation of 
the orbital integrals is straightforward and does not involve Witt vector schemes. More- 
over we restrict ourselves to the "totally ramified case" : we fix totally ramified separable 
extensions Ei and E2 of F of degree rii and n2 respectively, we embed the corresponding 
elliptic torus T = E'l x E2 as a maximal torus in both G and in H and we take as 
elements 7 and S the images by these embeddings of some element (71, 72) G T. Here E'- 
is the unramified quadratic extension of Ei and E'-^ C E'-^ is the subgroup of elements 
of norm 1 with respect to Ei. 

We use the standard computation of the orbital integrals as numbers of selfdual lattices 
which are fixed by unitary automorphisms in certain hermitian vector spaces (see [Ko]). 
In this computation the K-orbital integral appears as the difference between the number 
of selfdual lattices for two different hermitian forms $^ and $~ on E[ (B E2 which are 
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fixed by the multipfication by (71, 72)- The stable orbital integral is equal to the product 
of the number of selfdual lattices in E[ and in E2 which are fixed by the multiplication 
by 71 and 72 respectively. 

The transfer factor A (5, 7) has been computed by Waldspurger for classical groups. 
In our case we simply have 

A(5,7) = (-irg-^ 

where q is the number of elements in the residue field k and r denotes the valuation of 
the resultant of the minimal polynomials of 71 and 72. 

We now explain the contents of this paper. In a first step (Part I) we construct schemes 
, X~ and 3^1, 3^2 over the residue field k whose fc-rational points are in bijection with 
the sets of lattices in question. We thus have 

o;{1k) = \x+{k)\ - \x-{k)\ 

and 

sof{lKH) = \y^ik)\■\y2ik)\. 

It turns out that and 3^2 are projective schemes (closed subschemes of Grassmannians) , 
whereas and X~ are only locally of finite type. However and X~ carry natural 
actions of Z such that the quotients A'+/Z and X~ jl are representable by projective 
schemes over k. Of course, this construction may be viewed as a special case of the 
construction of Kazhdan and Lusztig [Ka-Lu] . 

The closed subschemes X^ and X~ contain canonical closed subschemes which are 
projective schemes and contain all /c-rational points. In order to take into account the 
sign (—1)'" of the transfer factor it is convenient to denote these subschemes X C X^ 
and A*' C A"" if r is even, and X' C X^ and X G X~ if r is odd. The geometric version 
of the conjecture of Langlands and Shelstad establishes a close relation between the 
number of points of the schemes introduced above for any finite extension of k. Namely, 
we conjecture that for any extension kf of finite degree / of k, 

(**) \^ikf)\ - \X'ikf)\ = qf^ ■ \y^ikf)\ ■ \y2ikf)\. 

By the above remarks, the relation (*) is the particular case / = 1 of (**). 

The main result of this paper (Part II) is the proof of this conjecture for extensions of 
even degree of k, i.e. extensions of the quadratic extension k' of k. For this we construct a 
partition (in fact, two such partitions, interchanged by the Frobenius morphism over k) of 
X'^^kk' into locally closed subsets which are vector bundles of rank r over (J^i x3^2)<8)fc^'• 
This last assertion is proved by interpreting our lattices as coherent modules on germs 
of singular curves contained in Spec(A;'[[Ti, T2]]) and using the interpretation of r as 
the intersection multiplicity of these curves. At this point we make use of a fundamental 
result of Deligne on intersection multiplicities "with weights" . We then construct a closed 
embedding (in fact, two such embeddings interchanged by the Frobenius morphism over 
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A;) of X' k' into X 0^ k' such that the complement is one piece of the above partition 
of A'± ®fc k'. Our main result follows now by a simple counting argument. 

In the final part (Part III) we explain a possible approach to the descent from k' 
to k. Whereas the theory over k' is essentially elementary, we envisage the use of £- 
adic cohomology for this descent problem. Briefly put, even though the vector bundle 
structure on the strata of X^ <^k k' and the closed embeddings of X' ®k k' into X ®k k' 
definitely do not descend to k, the structure in £-adic cohomology that these data induce 
should descend. We cannot prove this, but we show that this approach works at least in 
the simple case of ?7(1, 1). 

In conclusion we wish to thank J.-L. Waldspurger who communicated to us his 
computation of the sign of the Langlands-Shelstad transfer factor which allowed us to 
make the comparison with the sign factor which arises from our geometric approach. 
This comparison had been requested by R.P. Langlands at the Princeton conference in 
his honour in October 1996 when a preliminary version of this paper was presented. 

The results of this paper were obtained during the visits of the first author at the 
Universities of Wuppertal and of Koln and the visits of the second author at Orsay and 
at the Institut Emile Borel. The second author especially wishes to thank the members of 
the departement de mathematique de I'Universite de Paris-Sud for inviting him and for 
making his stay a great pleasure. We both thank the Deutsche Forschungsgemeinschaft for 
its support, as well as the European Network (TMR) "Arithmetic Algebraic Geometry". 
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PART I 



1. Hermit ian forms 

Let F be a non archimedean local field of equal characteristic p > 2 and let F' be an 
unramified quadratic extension of F. We denote by Op and Op' the rings of integers of 
F and F' and we fix a uniformizing parameter wp of F and therefore of F' . We denote 
by a the non trivial element of the Galois group Gal(FYF) = Gal(A;Y^) where k and k' 
are the residue fields of F and F'. 

We have the isomorphism 

Z/2Z ^ F^/N^Y^^F'^, e ^ w'f^f'/fF"' 

where ^f'/f '■ F'^ ~^ is the norm map. Therefore, for each finite dimensional F'- 
vector space V and each e = 0, 1 there exists a non degenerate hermitian form on V with 
discriminant tu|pN^//^F'^ . Any two such forms are equivalent. 

Let F be a totally ramified separable finite extension of F. The tensor product 
F' = F (8) J? F' is an unramified field extension of F. We denote hy Op and Op' the 
rings of integers of F and E' and we denote again by a the automorphism 1 ® o" of F'. 
We denote by Sp/p the exponent of the discriminant ideal Vqe/Of ^ °^ over Op- 

For each a & we define a non degenerate hermitian form ^(^a) the F'- vector 
space E' by 

*(a)(e'i,e2) = irE'/p'{ae'^e'2). 

Its discriminant is equal to '^E/F{oi)w^p'^^ptipF'^ and the dual of the C_F/-lattice Op' 
with respect to that hermitian form 

((!?^,)^(«) ^ {e' e E' I $(«)(e',e") e 0^.., Ve" e O^;.}, 

is equal to a~^w ^^'^^'^ Opi where wp is a uniformizing parameter of F (cf. [Se] Ch. Ill, 
§3). As the norm map ^p/p : E^ F^ induces an isomorphism from E^ /O^ onto 

F^'/O^, for any a+ e w'^^^^O^, (resp. a' e w^'^^'^O^,) the hermitian form 
(resp. ^(a-)) has discriminant 1 (resp. wp) modulo Nj?//^F'^ and the dual of the Opi- 
lattice Op' with respect to that hermitian form is equal to Opi (resp. w^^Opi). We fix 
once for all such an element (resp. a~) and we set 
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2. Statement of the Langlands-Shelstad conjecture 

We closely follow [Ko] (in this paper Kottwitz has proved Conjecture 2.2 below in the 
particular case ni = 1 and 77-2 = 2 but for an arbitrary local field F). 

We fix two totally ramified separable finite extensions Ei and E2 of F of degrees ni 
and 77-2. 

We denote by £"( and E2 the unramified quadratic field extensions EiF' and E2F' of 
El and E2. We denote by Oe^, Oe2, Oe[ and Oe'^ the rings of integers of Ei, E2, E[ 
and E2. We fix uniformizing parameters we^ and WE2 of Ei and £^2 and therefore of E[ 
and £^2- 

We set E' — E[® E2. It is a F'-vector space of dimension ni + n2. We endow with 
the non degenerate hermitian forms 



and 



These two forms are equivalent as their discriminants are 1 and zu'j^ modulo Np'/pF'^ . 
Therefore we can find g e GL p' {E') such that 

^-{e',e") = ^+{ge',ge") iW,e"eE'). 

We fix 71 G E[^ and 72 G -£2^ such that 71 7f 7272 = 1, so that 7^ is a unit in the 
ring Oe'- We assume that E'^ — ^'[7^], i.e. the minimal polynomial PiiT) G F'\T] of 7^ 
has degree n^. We assume moreover that the polynomials Pi{T) and P2{T) are separable 
and prime with respect to each other. Then the diagonal element (71,72) G GLf'{E') 
may be simultaneously viewed as an elliptic regular semisimple element 7"'' in the unitary 
group 

G{F) = U{E', $+) = gU{E', ^-)g-^ C GLf'{E'), 
as an elliptic regular semisimple element 7" in the unitary group 

U{E',^-) c GLf'{E') 

and as an elliptic {G, ff)-regular semisimple element S in the endoscopic group 

H{F) = U{E[, ^i) X U{E'2, *2) C GLf'{E') 

of G{F) where we have set 

The elements 7"'' and g^~g~^ of G{F) are conjugate in GLf'{E') but are not conjugate 
in G{F). The conjugacy class of 5 in H{F) is equal to its stable conjugacy class (an 
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element of U {E'^, ^'j) C GLp'^E'^) is stably conjugate to 7, if and only if it has the same 
minimal polynomial as 7^). 

Let K be the hyperspecial maximal compact open subgroup of G{F) which fixes the 
Oi?/-lattice Oe'^ ®Oe'^ of E' (this lattice is selfdual for the hermitian form ^>+) and let 
be the hyperspecial maximal compact open subgroup of H{F) which fixes the same 
lattice. The K-orbital integral 0!^{1k) is equal to the difference ([Ko]) 

0!;{1k) = C E' I £'^^ = a and (71,72)/:' = ^'}| 

-|{£' C E' I C!^' = a and (7i,72)>C' = 

where the £"s are Op'-lattices and where (■)"'"^ denotes the duality for such lattices with 
respect to the hermitian form Similarly the (stable) orbital integral SO^ {\i^h) is 
equal to the product 

SO^{\k«) = \{M[ C E[ I M[^' = M[ and ^iM[ = M[}\ 

x\{M'2 C E'^ I = M'2 and 72M2 = M'.2}\. 

where the M.'^s arc Op^z-lattices and where (•)"*"* denotes the duality for such lattices 
with respect to the hermitian form 

As the polynomials Pi{T), P2{T) G F'[T] are prime with respect to each other and 
have coefficients in Op' their resultant Res(Pi, P2) is a non zero element in Of'- Let us 
denote by 

(2.1) r = r(7i,72)>0 

its order. Let us recall that, up to a sign, we have 

ni — 1 n2 — 1 

Res(Pi,P2)= n 11(7^^-7?^^) 

A;i=0 fe2=0 

where 7^ = 7^ 7^"^" are the roots of PiiT) in some algebraic closure of F' 
containing E'l and i?2- 

Conjecture 2.2 (Langlands-Shelstad). — Under the above hypotheses we have 

0;{lK)^einul2)q'-S0f{lKH) 
where £(71, 72) is some sign and q is the number of elements in the residue field k. 
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Remark : Waldspurger has computed the sign of the Langlands-Shelstad transfer factor 
at any regular semisimple element 7 G G{F) which is close enough to the identity. In 
particular he has proved that 

£(71,72) = (-1)'' 

(private communication). This is exactly the sign which arises from our geometric 
approach (cf. Theorem 4.2 and §8). 

3. Orbital integrals as numbers of rational points of /c-schemes 

Our first goal is to introduce /c-schemes X~^, X~ and yi {i = 1, 2) such that 

0^{lK) = \X+{k)\-\X-{k)\ 

and 

so^{ij,H) = \y,{k)\-\y2{k)\. 

Definition 3.1. — Let R be a commutative k' -algebra. A {R(^k' OF')-la>ttice in a finite 
dimensional F' -vector space V is a {R®k' O F')-submodule L of R<S>k' V such that there 
exist Op' -lattices Lq C Li inV having the following properties : 

(i) R0k' Lo c L c R 0k' Li, 

(ii) the R-module L/{R <S)k' Lq) is locally a direct factor of the free R-module 
{R^k' Li)/{R®k' Lq). 

If R is a commutative k-algebra, a {R ®k OF')-lattice C in a finite dimensional F'- 
vector space V is by definition a ((i?®^ k') (^k' OF')-lattice in V. 

If i? is a /e'-algebra and if Li and L2 are two (R^k' OF')"^^ttices in a finite dimensional 
F'-vector space V we set 

[Li : L2] = rkfl(Li/(i? (^k' L3)) - TkR{Li/{R L3)) 

where L3 is any (9 j;'/ -lattice in V such that R®k' Ls is contained in both lattices Li and 
L2. It is a locally constant function on Spec(i?) with integral values. If i? is a /e-algebra 
and if Ci and £2 are two {R (8)^ Oi?/)-lattices we define [Ci : £2] by simply replacing R 
by R (X>fc k' in the above definition. 

If y is a finite dimensional F'-vcctor space which is equipped with a non degenerate 
hermitian form $ and if is a commutative fc-algcbra, we define the dual [R^k Of')- 
lattice of a {R ®fe OF')-l8ittice C in the obvious way. In particular, if we have 
i? (8)fe £0 C £ C i? (8)A; >Ci as in Definition 3.1 we have 
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and, if we identify (R ^o)/{R ®fe ^i") with the dual of the free (i? ®k /c')-niodule 

{R0kCi)/{R(g)k Co), 

C^/{R 0fe Ci) c {R ®fc Co)/iR ®fc ^i) 

is the orthogonal of the C/{R®k Cq) C {R®k C\)/{R®k Cq). 

If -R is a commutative /c'-algebra and if L (resp. Mi) is a {R ®k' OF>)-^dXtice in E' 
(resp. £^0 we define the index of L (resp. Mi) as the locally constant function 

ind(L) = [L:R ®k' {Oe[ © Os^)] : Spec(i?) ^ Z 

(resp. 

ind(Mj) = [Mi : R(^k' Oe^] : Spec(i?) ^ Z). 

If is a commutative /c-algebra and if C (resp. A4i) is a {R (E)k OF')-^Si,ttice in (resp. 
E'-) we define the index of C (resp. A^j) by replacing R by R®kk' in the above definitions. 
We then have 

ind(£^^) = -ind(£) 

and 

ind(>C^") = -ind(£) + 2 
where 1.^ is the duality for lattices with respect to the hermitian form (resp. 

ind{Mt') = -ind(Mi) 

where ±j is the duality for lattices with respect to the hermitian form '^i). 

For each commutative fc-algebra R we now set 

(3.2.1) X^{R) = {£± I (£±)^^ = £± and (1 ® (7i,72))>C± = C^] 
and 

(3.2.2) y,{R) = {M^ I Mi' - M^ and (1 ® 7,)A^, = A^J 

where £^ and M.i are {R®k OF')-^3Xt\ces in £" and i?^'. If (/? : 5" ^ is a homomorphism 
of commutative /c-algebras we have obvious base change maps X'^{R) — > X^{S) and 
3^,(i?)^ 3^,(5). 

Proposition 3.3. — (i) The functor X"^ is representable by a k-scheme which is locally 
of finite type. 

(ii) The functor yi is representable by a projective k-scheme. 

Let us recall that to give a quasi-projective /c-scheme S is the same as to give the 
quasi-projective /^'-scheme k' S together with the endomorphism k' (8)fc Prob^ where 
Frob^ is the Frobenius endomorphism of S with respect to k (cf. [SGA 1](VIII, 7.6)). 
Therefore Proposition 3.3 is an immediate consequence of the following proposition : 
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Proposition 3.4. — (i) The functor k' ®k (^-e. the restriction of the functor 
to k' -algebras) is representable by a k' -scheme which is an increasing union of 
(k' <S>k FTohx±) -stable quasi-projective open subsets. 

(ii) The functor k' <S>k iVi {i-e. the restriction of the functor [Vj to k' -algebras) is 
representable by a projective k' -scheme. 

Remark : This proposition is a particular case of a result of D. Kazhdan and G. Lusztig 
(cf. [Ka-Lu] §2). 

Before proving Proposition 3.4 let us give a description of the functors k' (8)^ and 
k' ®kyi which does not involve the hermitian forms $^ and \E'j. 

For every finite dimensional F'-vector space V which is equipped with a non degenerate 
hermitian form $ we may split the {k' (8)^ F)-vector space k' <^f~ V into 

V®V 

where 

V = {x e k' ®kV \ (1 (8) a')x = (a' (g) l)x, Va' e k'} 

and _ 

V = {xek'^kV\{l^ a')x = {a"^ ® l)x, Va' e k'}. 
The {k' (8)fc F)-bilinear form k' <Sik ^ is then given by 

{k' (8)fe $)(xi ©Xi,X2©^2) = ^{xi,X2) + ($(x2,Xi))^®'^ 

for some non degenerate {k' ®a; -F)-bilinear form 

^ -.V xV ^ {xek' ^kF' a')x = {a' ® l)x, Va' e k'}. 

The map a ®k ^dy : k' <SikV ^ k' <SikV induces (cr <Sik ldF')-li'n.eaT bijections F : F — > F 
and G : V ^ V. The maps G o F and F o G are the Frobenius endomorphisms with 
respect to F', i.e. the identities of the F'-vector spaces V and V. One easily checks that 

for every x E V and x E V. 

We may identify k' ®k F and {x e k' (g)^ F' | (1 (g) a')x = {a' (g) l)x, \/a' e k'} with F' 

by 

a' a' and a • O 6 • ^ a%. 

i i 
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Similarly we will identify V and V with the F'-vector spaces V and k' ®a,k' V by 

a'j^<^Vi^ ^ a'j^Vi and ^ o;^ ® f i i-^- ^ ct^'^fj. 

i i i I 

Then $ : {k' ®cr,k' x F — > F' is a non degenerate F'-bilinear form and we may identify 
k' ®a,k' V with the F'-linear dual V* of V. We have cr-linear bijections F : V ^ V* and 
G : V* ^ V. The maps Go F and F o G are the identities of the F'- vector spaces V and 
V*. We have 

{F{x),G{x*)) = a((a;*,x)) 

for every x and x* G y*. 

Lemma 3.5. — Let us denote by _L the duality {for lattices) with respect to $ and let 
us assume moreover that V admits a self dual Op' -lattice jCq. 

Then, for every commutative k' -algebra R there is a natural bijection between the set 
of {R 0k OF')-lo,ttices CinV such that = C and the set of {R<0k' Op') -lattices L in 
V such that [L : R (g)^' Cq] = 0. 

Proof : The relation between £, and L is 

C = L®L^ C {R^k'V)® {R ®k' V*) ^R®kV 

where is the dual {R ®k' F')-lattice of L in i? ®k' V* . □ 

If tt is a unitary automorphism of {V, $) the {k' ®k F')-linear automorphism 1 ® u 
of k' ®k V is the direct sum u © Cu)~^ where *tt is the transposed endomorphism of u. 
Moreover we have the relations 

^uo F ou = F, uoG o^u = G. 

In particular, we can take {V, $) = {E'-, $^,), {V, $) = {E' , $±) or {V, $) = [E'-, *i) 

and we get the (j-hnear bijections F^ : E[ E'* , Cf : E'* E'-, F± = F^ © F^ : 
E' E'*, G± = © : E'* F', F, = F+ : E[ E'* and Gi = G+ : E'* E[. 

Now, for any commutative A;'-algebra R we set 

(3.6.1) X^{R) = {L^ I ind(L±) = 5^ and (1 ® (71, 72))^^ = L±} 

where 5+ = and 5~ = 1 and where the L^'^'s are {R ®k' OF' Y^d^it^ces in F', and we set 

(3.6.2) Yi{R) = {Mi I ind(Mi) = and (1 ® -fi)Mi = M^} 

where the M^'s are {R iS>k' Ci?/)-lattices in F^. If <^ : — > -R is a homomorphism 
of commutative /c-algebras we have obvious base change maps X'^{R) X'^{S) and 
Yi{R) Yi{S). We denote by 

(3.6.3) Fx± : X± ^ X± 
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and 

(3.6.4) Fy, -.Yi^Yi 

the functor endomorphisms which are given on the -R-valued points by 

and 

where F% : R 0k' E' (R 0k' E')\ G% : {R 0k' E')* ^ R 0k' E' , F,^r : R 0k' E'- 
{R 0k' E^)* and Gi^R : {R 0k' E'^)* — > R 0k' E^) are the natural cr-hnear extensions of 
F±, G^, Fi and G^.' 

Then it follows from the above discussion that 

Lemma 3.7. — We have natural identifications 

{k' 0k X^, k' 0k Frob;^± ) = Fx± ) 

and 

{k' 0k yu k' 0k Probj;,) = {Yi, Fy,). 

□ 

Let 

(3.8) rui = m(7i) > 

be the conductor of OF'[7i] ^e'i i-e. the smallest non negative integer m such that 

Zu'S,OE'^GOF'h]cOE'. 

The proof of Proposition 3.4 is based on the next two lemmas : 

Lemma 3.9. — Let R be a commutative k' -algebra and let Li be a {R0k' O F')-lattice 
in E[ such that 'jiLi C Lj with constant index. Then there exists an integer £ such that 

ind(Lj) < £ < ind(Lj) + rui 

and 

w'^i-\R0k' Oe') cLiG WE^{R0k' Oe'). 
In particular we automatically have 

^^,-ind(LO^^^^, O^O C c w-^^-'''^^''^\R0k' Oe'.). 
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Proof : We have 

and we only need to check that Oe'Li is equal to w^^{R ®k' ^e') for some integer £. 

But, cLS Li is cL (i? Ci?/)-lattice there exist C_p/-lattices £o C Ci in such that 
R <S)k' Cq d Li <Z R <S>k' and we have 

(Cs'^o) C Oe'M cR^k' (Oe'Ci) 

with Oe'^Cq = w'J'^Oe' and = w'J'^Oe' for some integers £o < -^i- Now the 

multiplication by zuEi on the free i?- module 

WEl\R®k' OEi)/wEf"{R®k' Oei) 
is a regular nilpotent endomorphism and the i?-submodule 

OE'Li/w-l°{R®k' Oe0 C w-f'{R®k' OE0/zu-^°iR®k' Oe0 
is locally a direct factor. Therefore this i?-submodule is equal to the i?-submodule 

w^liR^y OEi)/w-^'{R®k' Oei) 
for some integer £ with £o ^ ^ ^ and the proof of the lemma is complete. □ 

For each point in with value in some field extension K of k' let us denote by 
Bf" the intersection of with K (g)^/ E[ d K 0^/ E' and by Cf the projection of 
on K ®k' E[. Then 

(3.10.1) Bf cCf CK ®k' E[ 

are {K ®k' OfO'lattices in E[ and is the graph of an isomorphism of {K 0^/ Op')- 
modules of finite dimension over K 

(3.10.2) .± : Ct/Bf ^ Ct/Bt. 
Moreover, if we set 

(3.10.3) hf = bf{L+) := ind(5±) < cf = cf{L+) := ind(C±) 
we have 

(3.10.4) bf + c^^b^ + cf^ ind(L±) = 5± 

with 5+ = and 5' = 1. 

If is now a point in with value in some commutative /s'-algebra R we define 
as above integers 

bfip) = 6±(Frac(i?/p) ®r L±) < cf(p) = cf(Frac(i?/p) ®r L±) 

for each prime ideal p in i?. We thus have functions 6^,c^ : Spec(i?) — > Z which are 
easily seen to be semicontinuous : for each integer Aj the set of points in Spec(i?) such 
that bf < Aj (or equivalently such that > 5^ — Aj if = {1,2}) is open for the 

Zariski topology. 
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Lemma 3.11. — Let be a point in with value in some commutative k' -algebra 
R. Then the functions bfjcf" : Spec{R) Z satisfy the inequalities 



bf<ct<bf + r. 



Proof: We may assume that is a field extension of k' and therefore we may introduce 
the lattices B^, Cf" and the isomorphism l^. As exchanges the multiplications by 71 
and 72 and as -Pi (71) = and ^2(72) = we have 

and 

Pi(72)C±cS±. 

But -P2(7i) and -Pi (71) are of order r = r(7i,72) in E[ and £^2, so that 

bf<cf<bf+T 

as required. □ 

Proof of Proposition 3.4 : Let us begin with Part (ii). It follows from Lemma 3.9 that, 
for any commutative /c'-algebra -R, Yi[R) may be identified with the set of {R ®k' Op')- 
lattices Mi in E[ such that 

zo'^i{R®k' Of') C Mi c w~^'{R^k' Of'), 
ikniMi/w'^^iR^k' Of')) = rrii 

and 

(1®7,)M, C M,. 

Therefore, Yi is representable by a closed /c'-subscheme of the Grassmann variety of 
mj-planes in the 2mi-dimensional A;'-vector space 

and Part (ii) is proved. 

The proof of Part (i) is similar to the proof of Part (ii). For each pair of integers 
(Ai, A2) let us consider the open subfunctor 

(3.12.1) X^(Ai, A2) = {L± e X± I 6f < Ai and b^ < A2}. 

We only need to prove that this open subfunctor is representable by a quasi-projective 
A;'-scheme. 
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It follows from Lemma 3.11 that X^(Ai, A2) is contained in the closed subfunctor 

X^[5^ - X2-r,5^ - Xi-r] = {L± e \ bf > 5^ - X2 - r and > 5^ - Xi - r} 

of X^. Therefore it is sufficient to prove that, for any pair of integers {/ii, 112) the closed 
subfunctor 

(3.12.2) X±[/ii,//2] = {L^ eX^\bt>iii and bf > 112} 

is representable by a projective A;'-scheme. But it follows from Lemma 3.9 that the functor 
X^[fj,i, fi2] is a closed subfunctor of the functor which associates to any commutative k'- 
algebra R the set of {R 0^/ (9i?/)-lattices L"^ in E' such that 



.± ^ ^^^^ ^^^^^ 



rkfl(L±/(ti7^;-'^^ (i? ®k> OeO © w^r""' ^^^))) = mi + ^2 - yui - //2 + 5^ 

and 

(l®(7i,72))i^^cL±. 

Therefore, if we set N = mi + 1712 — /^i — /i2 + the functor [//i , //2] is representable 
by a closed A;'-subscheme of the Grassmann variety of A'"-planes in the 2A'"-dimensional 
A;'-vector space 



iw^r^^OE'^®W^^-''^OE0/i^'El 



U2—Tni—6 



fxi—m2—S 



Oe') 



and Part (ii) is proved. 



□ 



Remark 3.13 : In fact the two A;'-schemes X+ and X are isomorphic. More precisely, 
there are two A;'-scheme isomorphisms 

UX+ 



given by 
and 



CKi, a2 '■ X 
ai{L-) = (wEi © l)L- 



a2{L ) = (le-ccJsjL" 
Moreover the squares of A;'-scheme morphisms 



X- 

ai 

x+ 



X- X 

0:2 and a2 



X+ 



x+ 



X- 



commute. 
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Remark 3.14 : Let Gi be the Grassmann variety of mi-planes in the 2mi-dimensional 
A;'-vector space 

and let Ni be the regular nilpotent endomorphism of Wi which is induced by the 
multiplication by zuEi- In the course of the proof of Proposition 3.4 we have identified Yi 
with a closed subscheme of Gi. 

Let Zi be the closed subscheme of Gi of mj-planes Di C Wi such that 

Nr^+\Di)GDi 

for every non negative integer j. Then, as w^^Oe'. C Oe'Iji] by definition of the 
conductor rrii, we have 

C Z,. 

The structure of Zi is much simpler than that of Yi. In fact, it follows from Lemma 
3.15 below that either = and Zi = Gi — Spec(/c'), or mj > and 

mi — 1 

Zi= [J Zij 

i=i 

where 

Zij = {Di C Wi I dim(A) = rui and Ker(A^/) C A C Ker(iVf ^+^)}. 

Moreover, if > the irreducible components of Zi are exactly the Zij for j = 
1, . . . , mi — 1 and the intersection of any two of these irreducible components is again a 
Grassmann variety. 

Lemma 3.15. — Let E be a finite dimensional k' -vector space which is equipped with a 
regular nilpotent endomorphism N . We denote by e the dimension of E. Let m be a non 
negative integer and let F be a k' -vector subspace of E which is N'^'^^ -stable for every 
j > 0. Let i be a positive integer. 

If F is not contained in Im(A^^) it automatically contains Im(A^"^"'"^~-'^) and therefore 
its dimension is at least e — m ~ £ + 1 {and even at least e — m — £ + 2 if m > 1 as 
Im(Ar^+^-i) c Im(A^^) in this case). 

If F does not contain Ker(Ar^) it is automatically contained in Ker(Ar'^+^~-'^) and 
therefore its dimension is at most m + £ — 1 {and even at most m-\-£ — 2ifm>l as 
Ker(iV"^+^-i) D Ker(iV^) in this case). 

Proof: If F ^ Im(iV^) = Ker(iV^-^) there exists x E F such that N^-^{x) 0. Let 
j be the unique non negative integer such that N'^~^'^^ {x) ^ and Ar'^~^+-'+^(x) = 0. 
Then we may consider the vector subspace of E generated by N'^'^^{x), N'^'^^~^^{x), . . . , 
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N'^~^~^^{x). It is contained in F by hypothesis and it is easily seen to be equal to 
Ker(A'"®~'^~^"'"^). The first assertion of the lemma follows. 

The second assertion of the lemma is another formulation of the first one. □ 

4. Statement of the main theorem 

On the fc'-scheme we have a translation automorphism : X^ which is 

given by 

and which satisfies the anticommutation relation 

r± oFx± = Fx± o (t^)"^ 
In fact, with the notation of Remark 3.13 we have 

r"*" = CKi o 

and 

T~ = Oi^^ O Oi\. 

In particular r~ and are exchanged by the isomorphisms cti and a^- 

Remark : The action of Z on generated by the translation automorphism has 
been introduced by D. Kazhdan and G. Lusztig in [Ka-Lu] §2. 

Let us first assume that r = 2r' is even. Then the projective closed subscheme (cf. 
(3.12.2)) 

X+[-r', -r'] ={L+ G X+ I 6+ > -r' and 6+ > -r'} 

={L+ G X+ I -r' < b+ < c+ < r'} 

may be viewed as a "fundamental domain" for the translation r"*" on the /c'-scheme X~^ : 
for each integer n we have 

{T+yX+[-r', -r'] =X+[-r' - n, -r' + n] 

={L+ eX+ \-r' -n<b+ <c+ <r' -n} 
={L+ e X+ \ -r' + n <b+ < c+ <r' + n}, 

so that 

X+ = |J(T+)"X+[-r',-r'] 

and the intersection 

X+[-r', -r'] n (T+)'^X+[-r', -r'] = X+[-inf (r', r' + n), -inf (r', r' - n)] 
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is empty if |n| > r. Moreover, as 

bt{Fx.L+) = -ct{L+) 
all the fixed points by Fx+ in are contained in X~^[—r', —r'] and we have 

(4.1.1) \'^^{k)\ = \{X+[-r', -r']f^+ \. 
Similarly, as 

6-(Fx-L-) = l-c-(L-) 
all the fixed points by Fx- in X~ are contained in 

X-[l -r',1- r'] = {L- e X- \l-r' < < < r'} 

and we have 

(4.1.2) \'^~{k)\ = \{X-[l-r',l-r']f^-\. 

Let us now assume that r = 2r' + 1 is odd. Then the projective closed subscheme (cf. 
(3.12.2)) 

X-[-r', -r'] ={L- eX- > -r and 63 > -r'] 

={L- e X- I -/ < b~ <c~ <1 + r'} 

may be viewed as a "fundamental domain" for the translation on the k' -scheme X~ : 
for each integer n we have 

(T-)"X-[-r', -r'] ^X-[-r' - n, -r' + n] 

={L~ e X~ I -r' - n < 6^ < < 1 + / - n} 

={L~ e X~ \ -r' + n < b2 < C2 < 1 + r' + n}, 

so that 

X-= [j{T-rX-[-r',-r'] 

and the intersection 

X-[-r', -r'] n (r-)^X-[-r', -r'] = X-[-inf(r', r' + n), -inf(r', r' - n)] 
is empty if \n\ > r. Moreover, as 

b-{Fx-L-) = l-c-{L-) 
all the fixed points by Fx- in X~ are contained in X~[—r', —r'] and we have 

(4.1.3) \X-{k)\^\iX-[-r',-r']f--\. 
Similarly, as 

bt{Fx+L+)^-ct{L+) 
all the fixed points by Fx+ in X'^ are contained in 

X+[-r', -r'] = {L+ e X+ \ -r' < b+ < c+ < r'} 

and we have 

(4.1.4) \X^{k)\ = \{X+[-r', ~r']'f^+\. 
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Theorem 4.2. — Let us set 

{X,Fx) = (X+[-r',-r'],Fx+|X+[-r',-r']) 
(X', Fx') = {X-[l - r', 1 - r'iFx- \X-[1 - r', 1 - r']) 

if r = 2r' is even and 

(X, Fx) = iX-[-r', -r'],Fx- \X-[-r', -r']) 
{X'.Fx') = {X+[-r\-r'iFx+\X+[-r\-r']) 

ifr = 2r' + l is odd, so that X and X' are projective k' -schemes and that Fx and Fx' are 
the Frobenius endomorphisms for some k -rational structures on X and X' respectively. 
Then, for every even positive integer f we have 



The proof of Theorem 4.2 wiU be given in §7. 



Remark : Taking into account the relations 

XFx = ;t'±(;.) and x'^^' = X^{k) 



where we have put ± = + if r is even and ± = — if r is odd (of. (4.1.1) to (4.1.4)), 
the Langlands-Shelstad conjecture is equivalent to the analogous statement of Theorem 
4.2 for / = 1. An obvious extrapolation of the Langlands-Shelstad conjecture is that the 
equalities in the statement of Theorem 4.2 should hold for every positive odd integer /. 



PART II 
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5. Stratifications of the A;'-scheme X"^ 

With the notation of (3.10.1) to (3.10.4) a point L"^ in X"^ with values in some field 
extension K of k' may be given as a triple 

where Bf" and Cf" are {K (S>k' OF')-^di.ttices in such that 

bf + c^ = bt + ct = 5^ 
with — and d~ — 1, and where 

i"^ : Cf /Bf — > C2/B2 

is an isomorphism of {K OF')-^odules (of finite dimension over K) which exchanges 
the automorphisms induced by the multiplications by 71 and 72. It may also be given as 
a triple 

{Bi, C2, ft) 

(resp. 

{C^, B2, ft) ) 

where Bf and (resp. and B^) are as before and where 

ft-.Ct^iK^k' E[)/Bf 

(resp. 

ft:Ct^{K ®k'E'2)/Bt) 

is a morphism of {K ®k' OF')-modvLles which exchanges the automorphisms induced by 
the multiplications by 71 and 72. 

For i = 1,2 and each integer j let us denote by 
the locally closed subset of the A;'-scheme X^ which is defined by the condition 
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For i = 1,2 the family {U^j)j^z of locally closed subsets is a partition of For each 
integer j we have A;'-scheme morphisms 



and 

which are defined by 
and 



Remark : The above /c'-scheme morphisms are nothing else than the restriction of the 
map qn introduced by Kazhdan and Lusztig in [Ka-Lu] §5. 

It is obvious that 

where is the translation automorphism introduced in Section 4 and that 

^ij - Hj-k ° ) • 

It is also obvious that 

where cuj : X~ is the isomorphism introduced in Remark 3.13 and that 

Moreover we have 

Fx± = U^j and Fx± = C/f^,- 

and if we simply denote by Fu the /c'-morphisms U^j U^^ and C/^^- U^j which are 
induced by Fx± , the squares of /c '-scheme morphisms 



Fu 



u. 



2J 



1, j 



and 



Yi Xk' Y2 



n Xfe. Y2 



Fy^xFy^ 



Yi Xk' Y2 



commute. 
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6. The vector bundle structure 
Theorem 6.1. — For i = 1,2 and each j e Z the morphism 

is a rank r vector bundle. 

Proof: First of all it is not difficult to see that Trfj has a natural structure of generalized 
vector bundle structure in the sense of Grothendieck, the fiber of which through a K- 
rational point G X"^ is the vector space 

iiomo,,,^{Ct,{K®k' E[)/Bt) 

of O^'-linear maps ff" : — > {K <^k' E[)/B^ which exchange the automorphisms 
induced by the multiplications by 72 and 71 if i = 1, and the vector space 

noT^o,,,^{Ct,{K®k'E'^)/B^) 

of C_p/-linear maps : Cf- — > {K ®y E^j/Bf which exchange the automorphisms 
induced by the multiplications by 71 and 72 if i = 2. 

Therefore it suffices to show that the rank of this generalized vector bundle is constant 
of value r. But this is a direct consequence of the following proposition. □ 

Proposition 6.2. — For i = 1,2 let Mj be a {K OF')-lattice in E[ where K is 
some field extension of k' . 

We consider (9f'[7i] ^^'^ C^F'[72] quotients of the 2-dimensional regular local ring 
Of'[\F]\ by sending T onto '^i and ■J2 respectively. 

Then the dimension of the K-vector space 

Hom^^^,o^,[[T]](M2, {K 0k' E[)/Mi) 

is equal to r. 

Proof: For simplicity we will only consider the case K = k', the proof for K arbitrary 
being the same. In order to prove the proposition it is sufficient to prove that the complex 

KRomo^,[[T]]{M2,E[/Mi) 

is concentrated in degree and that its Euler-Poincare characteristic is equal to r. 
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(a) We have a distinguished triangle 

i?Homo^,[[T]](M2,Mi) ^ KHomo^,[[T]]{M2, E[) ^ KRomo^,[[T]]{M2, E'jMi) ^ 

in the derived category of fc'- vector spaces. Moreover i?Hom0^,[[y]](M2, is zero in 
this derived category as the endomorphism 

KRomo^,[[T]]iP2{l2),E[) = KRomo^,[[T]]iM2, P2{li)) 

of this complex is at the same time zero and an isomorphism. We thus have an 
isomorphism 

KRomo^,[[T]]{M2,E[/Mi) ^ RRomo^,[[T]]{M2, Mi)[l] 

in the derived category. 
The complex 

i?Homo^,[[T]](M2,Mi) 

is concentrated in degrees 1 and 2 as Homo^,[[7-]](M2, Mi) is obviously zero and as 
Op' [[T]] is a regular local ring of dimension 2. To prove the proposition it is thus sufficient 
to prove that 

Ext^^,[[y]](M2,Mi) = (0) 
and that the Euler-Poincare characteristic of i?Hom0^,[[7-]](M2, Mi) is equal to — r. 

(b) Let us take a more geometric point of view. Let S be the germ of surface 
Spec(OF'[[T]]) and, for a = 1, 2 let 

be the germ of curve with equation PaiT) — 0. By hypothesis these two curves are 
integral and the support of their intersection is the origin s = (tUi? = 0, T = 0) of 5. For 
Q! = 1, 2 the Oi?/[7Q,]-module Mq, defines a torsion free coherent Oc^-'cci.odvle of generic 
rank 1 that we will also denote by Mq,. Clearly we have 

i?Homo^,[[T]](M2, Ml) = i?Homo^(62,*M2, 6i,.Mi) 

and the support of RTiomosii^2,*M2, ii^^Mi) is {s}. 

(c) Let us now show that 

Ext^^(t2,*M2,ti,*Mi) = (0). 
Let M2 be the saturated module 



M2 = Oe:^M2 c Oe:^ 
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From the geometric point of view M2 is nothing else than the free 0~ -module of rank 

one 7T2M2 where tv2 : C2 —>■ C2 is the normalization of the curve C2. We have an injective 
map of Og-modules _ 

i2,*M2 ^ t2,*7r2,*M2 

and then a surjective map of fc'-vector spaces 

Ext0g(i2,*7r2,*M2, ii,*Mi) Exto^(i2,*M2, ii,*Mi) 
(all the Ext|)g's are zero as S' is a regular surface). It is thus sufficient to prove that 

Ext^^(i2,*7r2,*M2,H,*Mi) = (0). 
But, by Grothendieck duality (cf. [Ha]) this last Ext group is isomorphic to 

Ext^„ (M2,i^(t2 7r2)'ii,*Mi) 

and as M2 is a free 0~ -module of rank 1 it is isomorphic to 

n^L{L2 0TV2yti,Ml. 

As is a regular surface and C2 is a Cartier divisor on 5", the dualizing complexes Ks 
and K~ are of the form cc'q[2] and u- [1] where toc and u)~ are invertible modules and 

Oi O2 02 

L{L2on2)'ii,*Mi is isomorphic to L(62 o7r2)*ti,*Mi[— 1]. As this last complex is obviously 
concentrated in degrees < 1 the assertion follows. 

(d) Finally, thanks to a result of Deligne (see Proposition 6.3 and its corollary 
below) it follows that the Euler-Poincare characteristic of i?Home)g(i2,*M2, ii,*Mi) is 
equal to 

(-l)'^™(^i)mult(C2,Ci) 

where mult(C2, Ci) is the intersection multiplicity of C2 and Ci on S. By definition this 
intersection multiplicity is equal to r. This concludes the proof of Proposition 6.2. □ 

Proposition 6.3 (Deligne). — Let {X, x) be a germ of smooth variety over a field k. 
For simplicity we assume that x is rational over k. Let ti : Yi > X and i2 '■ Y2 ^ X 
he two integral closed subschemes of X such that dim(Yi) + dim(y2) = dim(X) and that 
(Yi n l2)red = {x} ■ Let Ki and K2 be two bounded complexes of fiat quasi- coherent 
Ox -modules. We assume that all the cohomology sheaves of Ki {resp. K2) are coherent 
Ox -modules with support in Yi [resp. ¥2)- 

Then V{X, Ki^Ox -^2) is a bounded complex ofk-vector spaces with finite dimensional 
cohomology and its Euler-Poincare characteristic 

5^(-l)^Mimfcr(X,7^"(Ki K2)) 

n 
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is equal to 

m(yi,y2)rk^i(i^i)rk^,(i^2) 
where m{Yi,Y2) is the intersection multiplicity ofYi and Y2, i.e. 

n 

and where, for a = 1, 2 

n 

is i/ie ranA; of at the generic point rja of Yq. ■ 

Proof: See [SGA4|] [Cycle] Thm. 2.3.8 (iii). Deligne's argument can be easily modified 
to avoid the use of £-adic cohomology. □ 

Corollary 6.4. — Let us assume moreover that Y2 is a complete intersection in X . 
Let A4i and M.2 two coherent modules on Yi and Y2 respectively with generic rank ri 
and r2- Then the complex of k -vector spaces 

i?Homo^ {i2,*M2, ii,*Mi) 

has bounded and finite dimensional cohomology and its Euler-Poincare characteristic is 
equal to 

(^-lfMYi)^^Y2,Yi)rir2. 

Proof : For a = 1, 2 let 

be a finite resolution of the Ox-module La,*M.a by free C^-niodules of finite rank. 
Obviously the complexes Ki and K2 satisfy the hypotheses of the above proposition and 

In the derived category of /c- vector spaces the complex 

KRomox {t'2,*M2, ti,*Mi) 

is isomorphic to 

Homo^ (i^2, Ki) = T{X, Ki) 

where K2 = }iomc)^{K2, Ox) is also a bounded complex of free Ox-modules of finite 
rank. As X is local and smooth over k, Ox[dim(X)] is a dualizing complex for X and as 
Y2 is a complete intersection in X, [dim(l2)] is a dualizing complex for Y2. Therefore, 
by Grothendieck duality we have 

Rnomo^it2,*M2,Ox[dim{X)]) = i2,*i?7iomo^jM2, C»y2[dim(y2)]) 

and thus K2 is isomorphic to L2,*RHomoY^ {-^.2, Oy2)[— dim(yi)] in the derived category 
of Ox-modules. In particular 

rk,,(K2) = (-l)-'i^™(^^)r2. 
Now the corollary is an immediate consequence of the proposition. [] 
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7. Proof of the main theorem 



Let us define two closed embeddings 
(7.1) 11,12-. X'^X 



by 

and 

if r is even and by 
and 

if r is odd. 

By definition we have 



ii(L-) = a2{L-) = (1 © WE^)L- 
i2{L~) = ai{L-) = (wEi e l)L~ 
H{L+) = a^\L+) = {w^l®l)L+ 
i2{L+) = a^\L+) = {l®w^l)L+ 



Ui:=X- ii{X') = U+_^, C X C X+ 

and 



1^2 • — — ''2y^^ 

if r is even and 



U2—X- i2{X') = u+_^, gXgx- 



Ui:=X- h{X') = U-_^, dXdX- 

and 

[/2 X - i2{X') = U-_^, CX CX- 
if r is odd. Therefore we have projections 

(7.2) TTi : C/i ^ Xk' Y2 and TTa : C/2 ^ ^1 Xk' >2 

which are both rank r vector bundles by Theorem 6.1 (tTj = t^^_^i if r is even and 
TTj = 7rr_^, if r is odd). 

Theorem 4.2 follows. □ 
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Part III 



8. Descent from k' to k 

Up to this point our approach to the fundamental lemma was essentially elementary in 
that it was based on counting points of algebraic varieties. However to treat the extensions 
of odd degree of k and thus the original statement of Langlands and Shelstad we envisage 
the use of £-adic cohomology and the Grothendieck fixed point formula (cf . [Gr] ) . Indeed 
whereas all the structures considered so far are only defined over k' we predict that their 
£-adic cohomology descends to k. Even though we cannot prove this assertion we will 
now explain more precisely its meaning. 

In §3 we have introduce the projective A;'-schemes Yi and Y2 together with the 
Frobenius endomorphisms Fy^ and Fy^ relative to k. We set 

(r,Fy) = (Yi,FyJXfe. {Y2,Fy,). 

In the statement of Theorem 4.2 we have introduced the projective /c'-schemes X 
and X' together with the Frobenius endomorphisms Fx and Fx' relative to k. In 
the course of the proof of Theorem 4.2 we have introduced the closed embeddings 

ii : X' " >X and ^2 : X' ^ >X and the projections -ki : Ui := X — ii{X') = >Y and 

TT2 : U2 '■= X — i2iX') = — > Y. We have shown that tti and tt2 have a natural structure of 
rank r vector bundle. Let us denote by 

jl '■ Ui ^ — > X and j2 : U2 " — > X 

the obvious open embeddings. 
Then the diagrams 

X' X Ui 

TTl 

Y 

(8.1) 



7r2 

Y 
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are exchanged by the Frobenius endomorphisms Fx', Fx and Fy : there are unique 
A;'-scheme morphisms Fu : Ui — > U2 and Fu '■ U2 — ^ Ui such that the diagrams 



Fx 



Fu 



Fy 



(8.2) 



Vl *2 „ 32 7r2 -r^ 

X = >■ X < = (72 » 



-V^/ *2 ^ 32 7r2 -r^ 



Fx 



Fu 



Fy 



X' 



X 



31 



TTl 



^ Y 



are commutative. 

Let us fix a prime number £ which is not equal to the characteristic of k. For any 
quasi-projective (resp. projective) variety Z over k' we set 

Rr^{z)^Rrc(k(»k' z,Qi) 

(resp. 

Rr{Z)=RT(k0k' Z,Qi)). 
We consider the foUowing morphisms of distinguished triangles in the derived category 
^c'(Spec(/c'), 



Rrc{U2) 

Fu 

RVc{Ui) 



32,\ 



RT{X) — ^ RT{X') 



82 



Rrc{U2m 

FuW 



3i,<. 



i?r(x) 



i?r(X') RTc{Ui)[l] 



and 



RrdUi) 



31,'. 



RT{X) RT{X') 



Fx' 



Rrc{Ui)[i] 
F^m 



Rrc{U2) RT{X) RT{X') RT,iU2)[l] 



82 



(cf. [SGA4] Exp. XVII, 5.1.16). 
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We also consider the morphisms 

ttI : Rr{Y)[-2r]{-r) Rr,{U^) 

and 

4 : Rr{Y)[-2r]{-r) Rr,{U2) 
in that derived category which are induced by the trace morphisms 

tri : i?7ri,!Q£ Q4-2r](-r) and tra : i^TTs.iQ^ Qe[-2r]{-r) 

(cf. [SGA 4] Exp. XVIII, Thm. 2.9). 

Proposition 8.3. — The morphisms 7t[ and are both isomorphisms and the squares 
in (Spec(A;'), Q^) which are induced by the right squares of the diagrams (8.2), 



i?r(y)[-2r](-r) — ^ Rr,{U2) 

F*[-2r]{-r) F* 

RT{Y)[-2r]{-r) > RV^{U^) 



and 



RV{Y)[-2r]{-r) ^ RT^{U^) 

F*[-2r](-r) F* 

RT{Y)[-2r]{-r) RT,{U2) 



are commutative. 



Proof : As TTi and 7T2 are both rank r vector bundles (cf. Theorem 6.1) the trace 
morphisms tri and tr2, and therefore the induced morphisms tt^ and 7r2, are all 
isomorphisms (cf. [SGA 4] Exp. XVIII, Thm. 2.9). 

The commutative right squares of the diagrams (8.2) induce isomorphisms 

/i : F^R'K2,iQe R'Jri,iQe 

and 

/2 : FpRiTirQi R7r2,iQi 

in D^{Y,Qc). The composed isomorphisms /i o Fp{f2) and /2 o Fp{fi) are the natural 
lifts of the Frobenius endomorphisms of Y with respect to k'. But, as the trace 
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morphisms tri : i?7ri,!Q^ — > Q£[— 2r](— r) and tr2 : -R7r2,!Q^ — ^ Q^[— 2r](— r) are both 
isomorphisms, we may view /i and /2 as automorphisms of Q^f— 2r](— r). It follows that 
/i and /2 are induced by the multiplication on the constant sheaf by locally constant 
functions (pi : Y ^ Qi and (f2:Y^Qi such that the products (fiiFY{(p2) and (p2Fp{(pi) 
are both the constant function with value q'^^ . 

To conclude the proof of the proposition it is sufficient to check that the functions ipi 
and (p2 are both constant with value q'^. But this a direct consequence of the base change 
theorem in etale cohomology ([SGA 4] Exp. XVII, Thm. 5.2.6) and the next lemma. □ 

Lemma 8.4. — Let Ei and E2 be two vector spaces of the same finite dimension e over 
the finite field k' . Let F : Ei ^ E2 be a a -linear bijective map. Let us view Ei and E2 
as affine k' -schemes and F as a finite k' -scheme morphism. Then we have 

tri o F* = g'^tr2 

where trj : H^'^{k <S>k' EijQi) Q^(— e) is the trace morphism and 

F* : Hl\k®k' E2,Q£) ^ H^'ik^k' ^i,Q^) 

is induced by F. 

Proof: The degree of the /c'-scheme morphism F : Ei —>■ E2 is q*^ . □ 
It is now clear that the Langlands-Shelstad conjecture, and more generally the equality 

\X^x I - \X<' \ = qf'-- |yf I • \Y2^^' I 

for every positive odd integer /, would be an immediate consequence of the Grothendieck 
fixed point formula (cf. [Gr]) and the following conjecture : 

Conjecture 8.5. — The two distinguished triangles 

RT{Y) [-2r] i-r) ) RT{X) RT{X') RT{Y) [1 - 2r] (-r) 

and 

RT{Y) [-2r] i-r) ) RT{X) RT{X') RT{Y) [1 - 2r] (-r) 

are identical. 

To conclude this section we will discuss a possible homotopy argument for proving the 
equality of the restriction maps il and 

The A;'-schemes X, X' and Yi are naturally embedded into Grassmann varieties Q' 
and Tii- 



30 



More precisely, let Q be the Grassmann variety of (mi + m2 + r)-planes in the 
2 (mi + 1712 + r)-dimensional A;'- vector space Vi © V2 where we have set 



. _r /ti7^*+'' Oe'. if r = 2r' is even, 

We""'-'^'~^Oe'/z;^e-^"'Oe'. if r = 2r' + 1 is odd. 



let Q' be the Grassmann variety of (mi + 1712 + r — l)-planes in the 2(mi + m2 + r — 1)- 
dimensional A;'- vector space V-[ © V2 where we have set 



V' 



-m,- — r 



Oe'/vd'^'^'^'-^Oe' if r = 2r' is even. 



w"™*-^ OE'Jvo'^i^'' Oe'. if r = 2r' + 1 is odd, 

and let Tii be the Grassmann variety of mj-planes in the 2mj-dimensional A;'-vector space 

W, = w^^Oe'^/w^:Oe'^. 

The multiplications by vop and 7^ induce an endomorphism vi and an automorphism Ui 
of Vi (resp. F/, resp. Wj). Then, if we set 

v = vi® ^2 and u = ui © ^2 

we have the obvious identifications : 

X = {L & Q \ i'{L) C L, u{L) — L and 61 > mi, 62 > ^2} 

where bi = dim(L n (1^ © (0))) and 62 = dim(L n ((0) © V2)), 

X' = {L' e g' I u{L') C L', u{L') = L' and h'^ > mi, 63 > m2} 

where 6'i = dim(L' n {¥( © (0))) and h'2 = dim(L' n ((0) © ^2'))^ and 

Yi = {Mi e Hi I Ui{Mi) C Mi and Ui{Mi) = MJ. 

Conjecture 8.6. — The restriction maps 

RT{g) ^ RT{X), 
RT{g') RT{X') 

and 

RT{Hi) ^ RT{Yi) 
induce epimorphisms on the cohomology. 
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Remark 8.7 : It follows from Conjecture 8.6 that the cohomology complexes Kr{X), 
RT{X) and RT{X') should have all their odd cohomology groups equal to (0) and that, 
for every even integer n all the eigenvalues of Frobenius acting on the n-th cohomology 
group should be equal to . 

In particular the two boundary maps di,d2 : RT{X') RT{Y)[1 — 2r](— r) should be 
zero and thus equal. 

For each flag 

F = ((0) G F"^ G G Vi ® V2) 

of vector subspaces of Vi © V2 with of co dimension 1 and F^ of dimension 1 and for 
each isomorphism l from the vector space V( © V2 onto the vector space F^/F'^, we have 
an obvious closed embedding 

As the /c'-scheme of pairs (F, t) is connected, the restriction maps 

zj,,, : RT{g) ^ RT{g') 

are all equal. We will simply denote by i* the common value of these restriction maps. 

Let us denote by Ni the regular nilpotent endomorphism of Vi which is induced by 
the multiplication by vjEi- By definition we have 




Coker(A^j)-« — Vi if r is even 
Im(iVi) < — >Vi if r is odd 



Moreover the endomorphism A^^ of Vi induces an isomorphism of Coker(Aj) onto Im(Aj) 
and we may identify these two subquotients of V^. If 

F = ((0) C Ker(Ai) © (0) C Fi © Im(A2) C Fi © V2) 

and if l is the isomorphism 

VI © V^ ^ (Vi © Im(iV2))/(Ker(iVi) © (0)) 

which is induced by the above identifications, the closed embedding ip,!. maps X' into X 
and extends the closed embedding ii : X' ^ X. Similarly, if 

F = ((0) C (0) © Ker(iV2) C Im(iVi) © C Vi © V2) 

and L is the isomorphism 

VI © V^ (Im(iVi) © V2)/{{0) © Ker(A2)) 
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which is induced by the above identifications, the closed embedding iF,L maps X' into 
X and extends the closed embedding 12 : X' ^ X . In particular, for z = 1, 2, we have a 
commutative diagram 

RT{g) ^ RT{g') 

RT{X) RT{X') 

and the equality i| ~ 12 follows from Conjecture 8.6. 

9. 

In this section we assume that ni = ?i2 = 1. Replacing (71,72) by (1,7]^^72) we may 
also assume that 71 = 1. Then 72 — 1 is of valuation r in F'. 

Let K be a field extension of k' . If is a {K ®k' CF')"l^ttice in F' © F' of index 5^ 
(5+ = and 5~ = 1) we necessarily have 

Bt = ^~F^ (K ®fc' Of') C C± = w'"^ {K ®k' Of') C K ®k' F' 
for some integers hf < such that 

6± + 4 = 6^ + = 5^. 

Therefore the conditions 
and 

are equivalent. 

If r = 2r' is even it follows that 

X = X+[-r',-r'] 

is simply the /c'-scheme of Oi?/-lattices L+ in F' © F' satisfying the conditions 

w'pOf' © w'^pOf' C L+ C Wp'^' Of' © VJp'^' tF' 

ind(L+) = 0, 
and that 

X' = X-[l-r\l-r'] 
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is simply the /c'-scheme of C_F/-lattices L in F' © F' satisfying the conditions 

ind(L-) = 1. 
Similarly, if r = 2r' + 1 is odd it follows that 

X = X-[-r',-r'] 

is simply the A;'-scheme of Cj?/ -lattices L~ in F' © F' satisfying the conditions 

w'^Of' ® w'^Of' cL+ c Wp'^'-^Of' © Wp'^'-^/F' 
ind(L-) = 1, 

and that 

X' = X+[-r',-r'] 

is simply the A;'-scheme of Ci?/-lattices L+ in F' © F' satisfying the conditions 

w'^pOf' © W^^Of' C L+ C Wp'^'Of' © VDp"' If' 

ind(L+) = 0. 

If r = 2r' is even (resp. r = 2r' + 1 is odd) let us denote by V the r-dimensional 
/c'-vector space 

VD ■p'' O F' / T^^F^ F' 

(resp. 

Wp"^ ~^Of' /'^^F^F' ) 

and by N the nilpotent endomorphism of V which is induced by the multiplication by 
wf- Then X may be identified with the A;'-scheme of A;'- vector subspaces 

A^V®V 

satisfying the conditions 

J {N®N){A) c A 
y dim(A) = r. 

Similarly, if r = 2r' is even (resp. r = 2r' + 1 is odd) let us denote by V the (r — 1)- 
dimensional A;'-vector space 

(resp. 

W p'' Of' I'^^F^F' ) 
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and by N' the nilpotent endomorphism of V which is induced by the multiphcation by 
zuf- Then X' may be identified with the fc'-scheme of A;'- vector subspaces 

A' cV® V 

satisfying the conditions 

r [N' ® N'){A') ^ A' 
y dim(A) = r — 1. 

Moreover under these identifications the closed embeddings ii and 12 defined in (7.1) 
may be described in the foUowing way. Let us consider the diagram 



V®V 




V ®V' v ®v 




V'®V' 



where e : V ^ — V is the embedding 

which is induced by the multiphcation by wf (resp. the canonical embedding 

ZU Of' /t^F^F' ^'^F^ ^^F'/'^F^F') 

and where p : V » V is the canonical projection 

ZUp^ Of' /t^f^f' — »■ W Of' /'^^F ^Of' 

(resp. the projection 

W p^ Of' /"^^F^F' W p'' O F' / '^^F ^^F' 

which is induced by the multiplication by vjf)- Let us remark that e identifies V with 
Im(A'") and N' with the restriction of N to its image, and that p identifies V with 
Coker(A'") and N' with the regular nilpotent endomorphism induced by N on its cokernel. 
Then 

h{A') = {^®e){{p®l)-\A')) 

and 

i2{A')^{e®mi®p)-\A')). 
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Theorem 9.1. — The two restriction maps 

: RT{X) ^ RT(X') 

are equal. 

Proof : As we have explained at the end of Section 8 it is sufficient to prove that the 
restriction maps 

Rr{g) Rr{x) 

where Q is the Grassmann variety of r-planes in V (BV, and 

RT{g') RT{X') 

where Q' is the Grassmann variety of (r — 1) -planes in V' (BV , induce epimorphisms on 
the cohomology. But this has been proved by Hotta and Shimomura as a consequence of 
a result of Spaltenstein (cf. [Ho-Sh] Lemma 8.1 and its proof). □ 

Corollary 9.2. — Conjecture 8.5 holds in the case ni — n2 = 1. In particular, for 
any finite extension kf of degree f of k we have the identity 

\x+{kf)\-\x-{kf)\ = {-iYq^f .\y{kf)\ 

with \y{kf) \ = 1. 

Proof : We know already that the two restriction maps i^ and Z2 are equal. 

As Y is clearly equal to Spec(fc') (mi = m2 = 0) it follows from Section 7 that 
Ui = X — ii{X') is a standard afiine space of dimension r over k' . But X' is isomorphic 
to the variety X after having replaced r by r — 1. Therefore an obvious induction on r 
shows that X is a disjoint union of standard affine spaces, one for each dimension between 
and r. Consequently either the source or the target of di is zero and we get 

di=d2^ 0. 

Finally let us consider the two Gysin maps and j2,\- The only degree where these 
two maps can be non zero is the top degree 2r. In this degree the £-adic cohomology groups 
with compact supports of Ui, U2 and X can be all canonically identified with Qf(— r). 
Under these identifications (tt^) o i and (7r2) 0^2,! become the identity of Q^(— r) and 
are thus equal. □ 

In the t/(l, 1) case the closed embeddings ii,i2 '■ X' " — >X are homotopic. We will 
conclude this section by constructing such an homotopy and giving another proof of 

Theorem 9.1. We introduce the projective /c'-scheme X of partial fiags 



LgAgH (1V®V 
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of vector subspaces such that L, A and H are of dimensions 1, r and 2r — 1 respectively, 
and are stable by A'' © A''. Obviously, for each point L G A G H in X we have 

L C Ker(iV) © Ker(iV) 

and 

iy Dlm(iV)©Im(7V). 
By forgetting either A or {L,H) we get two A;'-scheme morphisms 

X^-^ X 

(9.3) / 

SxS' 

where 5" is the projective line of lines L in the two dimensional fc'- vector space Ker(A^) © 
Ker(A^) and S' is the projective line of hyperplanes H m. V ® V which contain the 
codimension 2 subspace Im(A^) © Im(A^). We have a closed embedding 

S^SxS', L^{L,{N® Ar)-(^-i)(L)). 

Let us denote by 

X X 

(9.4) / 

S 

the inverse image of the diagram (9.3) by that closed embedding. 

In 5' we have two /c'-rational points si and S2 given by the lines Ker(A^) © (0) and 
(0) © Ker(A^) in Ker(A^) © Ker(A^). The restriction of g to the fiber of / over Si is an 
isomorphism onto ii{X'). We will denote hj ii : X' ^ X the obvious lifting of to X 
with image that fiber. More generally, for any point s in S, corresponding to a line L in 
Ker(A'") © Ker(A'"), the restriction of g to the fiber of / over s is an isomorphism onto the 
closed subset 

{AeX\LGAG{N® Ar)-(^-i)(L)} 

of X. 
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Proposition 9.5. — (i) The projective morphism g is birational. More precisely it is 
an isomorphism over the complementary subset in X of the closed subset 

ii(X') n Z2(X') = {AeX\ Ker(iV) Ker(iV) C ^ C Im{N) Im(iV)} 

and its restriction to this closed subset is a trivial fibration in projective lines. 

(ii) The projective morphism f is a locally trivial fibration for the Zariski topology, 
with all its fibers isomorphic to X' . More precisely, if {i, j} = {1:2} the restriction of 
f to the Zariski open subset S — {sj} <Z S is isomorphic to the canonical projection 
(S — {si}) X X' ^ S — {si} by an isomorphism which exchanges the closed embeddings 

i,: X' f-\S - {s,}) 

and 

X' ^ {sj} X X' C (5 - {si}) X X'. 

Moreover the gluing datum between the above trivializations of f over the open subsets 
S — {si} and S — {82} is given by a morphism 

5-{si,S2}^ Aut(X') 

which factors through the canonical morphism from the centralizer of N' © N' in 
Ghiy' © V) to the automorphism group of X' . 

Proof : Part (i) is obvious. 

Let us prove Part (ii). Tlie open subset 5" — {si} C S may be identified with the affine 
line of linear maps (/? : Ker(A^) Ker(A^). For example S2 corresponds to <^ = 0. The 
fiber of / over a point (p is the closed subvariety 

X{ip) = {AeX\ L((p) cAc H{(p)} 

of X where 

Hv) = {{V{X2),X2) I X2 e Ker{N)} 

and 

H{ip) = {(xi, X2)eV®V\ N'^-^xi) = if o iV^-i(x2)}. 

Let us fix a cyclic vector v &V for N . Then N'^~^{v) is a basis of Ker(A^) and any 
linear map (f as above maps N'^~^{v) onto \{i^)N'^~^{v) for a unique scalar A(<^). Let us 
denote by (p the unique endomorphism of V such that 

^{v) = \{^)v 

and 

N o = o N. 
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Obviously extends and we may identify H{(p)/ L{(p) with Im(A'') ©Im(A'') = V (BV 
by sending {xi,X2) G H{ip) onto 

{xi - (p{x2),N{x2)). 

As this identification exchanges the endomorphisms which are induced hy N (B N it 
induces an isomorphism from X{<f) onto X' . Letting (f vary we get an isomorphism from 
the restriction of / to 5 — {si} onto the canonical projection {S — {si}) x X' ^ S — {si}. 
Clearly this isomorphism exchanges the closed embeddings 12 : X' ^ f~^{S — {si}) and 
X' ^ {s2} X X' C {S - {si}) X X'. 

Similarly we identify 5" — {S2} with the affine line of linear maps i/' : Ker(A^) Ker(A^) 
and we construct an isomorphism from the restriction of / to S — {S2} onto the canonical 
projection (S — {S2}) x X' ^ S — {S2}. With obvious notations it is given by sending 
(xi,X2) e H{ip) onto 

(iV(xi), X2 - 'Ipixi)). 

Over S — {si, S2} the gluing datum between the two trivializations of / is given by 
the morphism 

5- {S1,S2} ^ Aut(X') 

which sends (f — ip~^ onto the automorphism of X' which is induced by the automor- 
phism 

{xi, X2) ^ (-^(0:2), i^'^ixi) + N'{X2)) 
oiV®V. □ 



Another proof of Theorem 9.1 : It is sufficient to check that the two restriction maps 

ilJ*^: RT{X) RT(X') 
are equal (we have z| = o g*). By the Leray spectral sequence we have 

Rr{X)=RT(k®k' S,Rf,Qe). 

But the proposition implies that 

(i) the complex Rf^Qi is constant with value Rr{X') on the open subsets 5 — {si} 
and S — {S2} of S and we can choose the trivializations in such way that il and are 
both induced by the identity of RT{X'), 

(ii) the gluing datum for Rf*Qe on 5— {si, S2} is induced by the identity of RT{X') 
as the centralizer of N' ® N' in GL{V' ® V) is connected. 

The theorem follows. □ 
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10. Remarks and examples 

(10.1) In general the conductors mi, m2 and the order of the resultant r are difficult 
to compute. Nevertheless there are some interesting particular cases where they admit 
simple formulae. 

In general we have 

mi = VE'SPlini))-m/F') 

and 

Here ve'. : E'- ^ Z U {+oo} is the discrete valuation of E'-, Pl{T) is the derivative of 
the minimal polynomial PiiT) of 7^ over F' , 5[E[/F') is the order of the different of the 
totally ramified extension E'JF' and = {1,2} (cf. [Se] Ch. Ill, §6, CoroUaire 1). 

Moreover, if is prime to the characteristic of k we have 

5{E'JF') =ni-l 

(cf. [Se] Ch. Ill, §6, Proposition 13). 

Therefore, if we denote by the constant term of the expansion of 7^ as power series 
in WEi with coefficients in k' and we put 

Vi = ve'. (7i - ai) 

we have : 

(i) mj = and r = ve'. (7i - It) if = 1, 

(ii) nii — {rii — l)(fi — 1) if ni > 1 is prime to the characteristic of k and Vi is 
prime to n^, 

(ii) r > Inf (niV2, ^2^1) with equality if niV2 7^ 77-2^1. 

(10.2) The case r = 0. In this case the A;'-schemes X+ and X~ are not connected : 
they are disjoint sums 

X+ =Y[X+[-n,n] and X' = X-[l - n,n] 

where each component X~^[—n,n] or X~[l — n,n] is isomorphic to Y = Yi x^/ Y2. We 
have X = X+[0, 0] = F with Fx = Fy and X' = X-[l, 1] = 0, and Conjecture 8.5 and 
the Langlands-Shelstad conjecture are obvious. 

(10.3) The case ni = 1 < 77,2 and r > 0. In this case, we have mi = and 
Yi = Spec(A;'), we may assume that 71 = 1 and thus 72 — 1 is of order r in E2. 
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On Y — Y2 we have the rank r vector bundles 

TTi : t/i ^ y 

and 

TTs : C/2 ^ y 

defined by 

7r2-'(M2) = (M2/(72-l)M2)^ 

where (M2/(72 — 1)M2)^ is the dual of the r-dimensional vector space M^jici^ — 1)-/Vf2 
and 

T^-^iM-i) = (72 - 1)-^M2/M2 

respectively. For i = 1 , 2 and for every integer j the rank r- vector bundle nfj : U^j Y 
which has been defined in Section 5 is isomorphic to T^i : Ui ^ Y , the isomorphism being 
given by 

where is induced by the image of the /c '-linear form 

by the transpose of the morphism 

ft o w-f : M2 ^ Ct F'/Bf, 



and 

where X2 is the image of the vector 



{Bt. Ct, ft) ^ (M2 = wfBt, X2) 



by the isomorphism tuj^ : E'^/Bf — > E'^jM-i. 

In the next examples we assume that ni and 77-2 are prime to the characteristic of k. 
We choose the uniformizers zop and zoEi in such way that 



n,- 



in E[ for some ai & k' . 



(10.4) The case ni = 1, 71 = 1, n2 = 3, r = 2 and Char(/c) > 3. In this case 72 — 1 
is of order 2 in E2 and m2 = 2. The A;'-scheme Y2 = Z2 is a projective line (cf. Remark 
3.14). 
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Then the stratification oi X — 1,— 1] by the values of 6^ and 6j can be 

symbohcaUy represented by the following diagram 





and the stratification oi X' = X [0, 0] by the values of 6^ and 63 can be symbolically 
represented by the following diagram 

b~ = l 6~=0 b-=0 

6^=0 6^=0 = l 



In these representations the closed embeddings ii (resp. ^2) are given by 
(resp. 

ibi,b^)^{b+,b+) = {b^-l,b^)). 
Let V2 be the 6-dimensional /c'-vector space 

and let N2 and 1^2 be the nilpotent endomorphisms of V2 which arc induced by the 
multiplication by 'DJE2 and wp, and let U2 be the automorphism of V2 which is induced 
by the multiplication by 72. 

The stratum (6^ = — 1, = —1) is isomorphic to the A;'-scheme of triples 

(S2 cC2,a;2) 
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where B2 and C2 are vector subspaces of V2 of dimension 2 and 4 respectively such that 

Ker(Ar2) C B2 C Ker(iV|) C C2 C Ker(iV|) 

and 

(72-l)(C72) = S2, 

and where X2 is a vector in C2/B2 such that 

^^2(2:2) ^0. 

Obviously the fc'-scheme of pairs {B2 C C2) as above is a projective line over k' with 
some marked point cxo := (Ker(A^|) C Ker(A^|)). For a given pair {B2 C C2) there exist 
vectors X2 € C2/B2 such that 2^2(2:^2) ^ if and only if {B2 C C2) is not equal to 00. 
Moreover, if this holds, the scheme of X2 G C2/-B2 such that i'2{x2) 7^ is isomorphic to 

The stratum {bf = 0, = —1) is isomorphic to the A;'-scheme of triples 

(S2CC2,X2) 

where B2 and C2 are vector subspaces of V2 of dimension 2 and 3 respectively, such that 

Ker(7V2) C S2 C Ker(Ar|) 

and 

Ker(iV|) C C2 C Ker(iV|) 

(the condition 

(72-l)(C2)c52 

is automatic), and where X2 is a non zero vector in C2/B2. If B2 7^ Ker(Ar|) we necessarily 
have 

C2 = S2 + Ker (iV|) = Ker(Ar|) 
and if B2 = Ker(A^|), C2 may vary freely in the projective line 

Ker(iV|) C C2 C Ker(iV2^). 
Similarly, if C2 ^ Ker(A^2) we necessarily have 

S2 = C2 n Ker(iV|) = Ker(iV|). 
and if C2 = Ker(A''2), -B2 may vary freely in the projective line 

Ker(iV2) C 52 C Ker(Ar|). 
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Therefore the k' -scheme of pairs (i?2 C C2) as above may be obtained by gluing the two 
projective hnes over k' 

Ker(7V2) C 52 C Ker(Ar|) 

and 

Ker (iV|) C C2 C Ker(iV|) 

along their marked points B2 = Ker(A^2) C2 = Ker(A^|) respectively, and the 
stratum (6^ = 0, 6j = —1) is a Gm-torsor on this /c'-scheme. 

The stratum (6^ = — 1, 6^ = 0) is isomorphic to the stratum {b^ = 0, 6 J = —1). 

The stratum {b^ = 0, 6j = 0) is equal to the /c'-scheme of vector subspaces B2 — C2 
of dimension 3 of V2 such that 

Ker(Ar|) c S2 = C2 C Ker(Ar|) 

and is thus a projective line. 

Similarly the stratum {b^ = 1,6^ = —1) and {b^ = —1,6^ = 1) are projective lines 
over k'. 

We may summarize this discussion by saying that the set X{k') has 
g'(g'-l)g' + (g'-l)(2g'+l) + (g'-l)(2g'+l) + (g' + l) + (g' + l) + (g' + l) = g'2+3g'2+g' + i 

elements and that the set X'{k') has 

{q' - l)(2g' + 1) + {q' + 1) + (g' + 1) = 2g'2 + g' + 1 

elements, so that 

\X{k')\-\X'{k')\=q'\q'+\). 
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